We give a bound for the multiple Seshadri constants on surfaces with Picard number 1. The result is a natural extension of the bound of A. Steffens for simple Seshadri constants. In particular, we prove that the Seshadri constant ǫ(L; r) is maximal when rL 2 is a square. MSC (2000): Primary 14C20; secondary, 14J60.
Introduction.
The multiple Seshadri constants are a natural generalization of the Seshadri constants at single points defined by Demailly in [1] . If X is a smooth projective surface, L is a nef bundle on X and P 1 , . . . , P r are distinct points in X, then the Seshadri constant of L at P 1 , . . . , P r is:
where C runs over all curves passing through at least one of the points P 1 , . . . , P r . When the points are general we will write ǫ(L; r). This constants have the upper bound:
However, explicit values are difficult to compute even when r = 1. In [4] , A. Steffens proved the following result for simple Seshadri constants on surfaces with Picard number 1: Proposition 1.1 Let X be a surface with ρ(X) = rk(N S(X)) = 1 and let L be an ample generator of N S(X). Let α be an integer with
Some results in the same direction have been proved for multiple Seshadri constants. In [2] , Harbourne defines:
and he shows the following bound:
where L is a very ample divisor on an algebraic surface X. Then ǫ(L; r) ≥ ε l,r , unless l ≤ r and rl is a square, in which case √ l, r = ε r,l and ǫ(L; r) = l/r.
When l ≤ r and L is very ample this implies:
Moreover, if rL 2 is a square, ǫ(l; r) is maximal.
On the other hand, J. Roe in [3] relates the simple and multiple Seshadri constants. As a consequence of his main theorem and the result of Steffens, he obtains: Corollary 1.3 Let X be a smooth projective surface defined over I C, L an ample generator of N S(X) and r ≥ 9. The Nagata's conjecture implies:
In this note, we extends the result of Steffens for multiple Seshadri constants. We prove: Theorem 1.4 Let X be a surface with ρ(X) = rk(N S(X)) = 1 and let L be an ample generator of N S(X). Then
In particular, if rL 2 is a square, ǫ(L; r) is maximal.
In this case, the Harbourne's hypothesis of very ampleness of L and L 2 ≤ r are not necessary. Furthermore, we do not need to use the Nagata's conjecture.
The proof of the theorem is a natural generalization of the method of Steffens.
Proof of the Theorem.
Let X be a surface with ρ(X) = 1 and let L be an ample generator of N S(X). Let α be an integer with α 2 < rL 2 . Let us suppose that:
Then, there is a Seshadri exceptional curve C with multiplicities (m 1 , . . . , m r ) at very general points, such that:
In order to bound this multiplicities, let us recall two lemmas.
Lemma 2.1 Let X be a smooth surface and let (C t , (P 1 ) t , . . . , (P r ) t ) be a one parameter family of pointed curves on X with mult (Pi)t (C t ) = m i . Then:
Proof: See [6] .
Lemma 2.2 Let (X, L) be a polarized surface with Picard number 1 and let P 1 , . . . , P r be general points on X. If ǫ(L; P 1 , . . . , P r ) < L 2 /r then any irreducible Seshadri curve is almost-homogeneous.
Proof: See [5] .
Corollary 2.3 With the previous notation:
Proof: Applying the two lemmas, we know that the multiplicities of C are (m 1 , . . . , m r ) = (a, . . . , a, b) and
From this:
If a ≥ b then it holds:
When a < b:
Now, we can extend the proof of Steffens. We have:
On the other hand, since ρ(X) = 1, there is an integer d such that C ≡ dL and:
Thus, applying the bound of the previous Corollary:
and this is a contradiction.
